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Recall that a good kernel means a sequence ( kn )n?,

of integrable functions on the circle satisfying
IT

① ¥ / Kncxidx = 1 ;
-17

② 7- M > o such that f-É lkncxildx EM ;

③ For any 068<-11
,

-

f lkncxildx → o as n→ is
.

8<1×18-11

( convergence -1hm for good kernels ) :

Te+TÑ;TaTiÑthe circle
.

Suppose f- is integrable on the circle
.

Then

kn * fan→ fan if f- is ctsatx
.

If f is cts on the circle
,

then

Kn*fcxs→→ fan on the circle
.



Example 1 .

( Fejer 's Kernel )

For N C- kN
,
set

Final = SinYI
N sin I

= Dom-1.ie#D-H ( Recall
Dna, =
I eikx)fg= -n

= ¥ G- %-) ein
n = -N

We call Fm the N-th Fejer 's kernel .

Corollary ( Fejer 's thml .

Let f be integrable on the circle
,
then

• Fix * fan → fan if f is cts

• If f is cts on the circle
,
then

Fri # f ⇒ f on the circle
.



Recall that

Faith = É 11 - ¥-1 ein
n = -N

so

Fm * fan =
É ( 1- %-) • fine in
h=- µ

We also write

8µF an : = Fm * fan

( we call it the N- th Cesaro mean of the Fourier series
of f) .

CoroHary1_ : Let f- be cts on E- it
,
-111 with fit )=fc-H

.

Then b- Eso , 1- a trigonometric poly pan such that

f fan - Pai / SE for all ✗ c- E- it, ¥1
.

pf . Since f- is cts on the circle
, J by Fejer 's -1hm

.

8µF ⇒ f- on the circle
.

WI
,A triogeometric poly



(uniqueness -1hm for Fourier Series)

Corollary 2 . Suppose f is cts on the circle
.

such that

f^cnl=o for ne Z .

Then 7=-0 .

Pf . Since f^cn1=o for he 2-
,

oh, fan = É
'

( 1- It )f7n , einx
n= -N

= 0 for all N c- LN
.

But by Fejer 's -1hm

8µF ⇒ f as N→w

which implies f- =_ 0
.

• Similarly , we can define
"

good kernel
"

for
a family of integrable functions

( Kt )
+ c- (a. b)

as t → too
.

More precisely ,
(Kt ) + c- (a.b) is said to



be a good kernel on the circle as 1-→ to if

① ¥[IF Ktcxidx = 1 for all e- c- (a. b)

② 7- M > 0
,
such that

f- IF / Ktcxsfdx EM for all e- c- (a. b)

③ For 0<8 < IT
,

lim f lktcxildx = 0
.

+→ to 8<1×1511

(Convergence -1hm ) : If (Kt )+←(a , , , is a good Kennel

as b-→ to
,
then

d-→ to

Kt * fcx , → fan if f is cts atxo

• Iff is cts on the circle

Kt*f If as 1-+ to
.



Example 2 . Define for b- c- (0,1-1) ,

9-A) = { ¥
if 0£ lxkt

0 if 1×1 > t
.

Then (G)
+ego , , ,

is a good kernel as t→o
.

check :
• ¥, f.

"

often d×
- IT

= # [I ¥ dx =L

• 9+1×1>-0

• f Cftcxidx
8<1×1417

=/
{ xistxk-bnf-it.tn ) ¥

dx

= 0 when b- is small enough .



check :
IT

f- * Gal = ¥ f, G-(g) fix-y) dy
= ¥ [I ¥ . fcx-g) dy

= It [I fcx-yldy

Example 3 ( Poisson kernel on the circle)
.

For re (0,11
,
define
a

pint einxPrat = I
N= - is

•

We call (Pr )
rego , ,,

the Poisson kernel on the

circle as r→ 1
.



Lem 3
.
For r c- (0,1 )

Pran =i.LI?FiPf-pr(x,=Er1n1einxn---
is

= ( E
'

r'" einx) + , + (¥? rneim )h= - is

= I + É rtlhéinx + §
,
rneinx

D= I

=/ + nÉ(réi× )
"

+ ¥? (reign
=/ + re

- ix

¥×
+

re
"

Frei

fusing ¥?Zn=¥z for 12-1<1 )

re-iy-reiy-reixa.net'D
= I +

¥ÉreÉ
-



= it
ré
a-

re-ix-reix-r-i-i-iiiii.i.ir
( using e-

i'
+ eix
=2CosX)

=

1-zrcosxtrt.FI

d-zrcosxtr
'

= 4- rcosx )
>

+ v41 - Croix)
> 0

Check :( Poisson kernel is good )

• ¥fÉ Prcxidx



A

pint ein dx= ¥ f-Ii E.• * 1

Since the series converges unif. on the circle
,

we have

is IT

4)= ¥ , ¥ f-a r
'" eimdx

= A

• ¥ /Pranldx

= f-If prcx)dx = 21T
.

• Let 0<8 < IT .

Pra ) =
1- Zrcosx -1 v2



= a.jp#TrT-cosxT
If 8s 1×1<17 , then 1- cosx I 1- cos $ >•

So prang
_
2r( 1- cosx)

e zi¥osñ
Hence

f Prandx £ (÷÷ossT•gslxk -11

→ o as r→ I

•



Hence (Pr )
req , ,,

is a good kernel as r→1
.

Now as a direct consequence of the convergence
-1hm

for good kennels , we have

corollary 4 :
Let f be integrable on the circle

.

Then
i , Pr * fan → fan as r→±

whenever f is cts at x ;

e) If f- is cts on the circle
,
then

Pr * fan =3 fan on the circle

as r→ I
.



Lem 5 . Let f- be integrable on the circle .

Then

Pr * fan = É rtmfcneinx
g

h= - is

re Co , 1) .

Pf . Given os r< 1
.

É
n=→

r
'" Fdn) @ inx

= É r
'm

. ¥, ¥ f- ( y) e-
in Ydy . ein

h= - w

is

n=-n
r
'"

¥, # fog , e-
inG- y )

= I dy

= ¥fÉ I f- ( y )
incx - y )

dy
n= - w

f Reason : É?¥M ' "
e-

"h"" '
converges unif .

on the circle )



( Pr / g-✗ I = Prlx-y ) )
IT

= ¥ f-a fcy ) . Pro-y ) dy

= Pr * fan . 1¥

We rewrite Arf a) : = Pr # fan
and call it the Abel mean of the Fourier
series of f.


